Among a family of 2-parameter left invariant metrics on Sp(2), we determine which have nonnegative sectional curvatures and which are Einstein. On the quotient N 11 = (Sp(2) × S 4 )/S 3 , we construct a homogeneous isoparametric foliation with isoparametric hypersurfaces diffeomorphic to Sp(2). Furthermore, on the quotient N 11 /S 3 , we construct a transnormal system with transnormal hypersurfaces diffeomorphic to the Gromoll-Meyer sphere Σ 7 . Moreover, the induced metric on each hypersurface has positive Ricci curvature and quasi-positive sectional curvature simultaneously.
Introduction
Since Milnor's discovery [Mil56] of exotic 7-spheres in 1956, the study of the exotic sphere has been one of the most intriguing problems in topology and Riemannian geometry. Exotic spheres are smooth manifolds which are homeomorphic but not diffeomorphic to a standard sphere. In 1974, Gromoll-Meyer [GM74] produced the first example of an exotic sphere with a metric of non-negative sectional curvature, the so-called Gromoll-Meyer sphere. Recall the biquotient construction of the Gromoll-Meyer sphere as follows.
Let Sp(2) := Q = a b c d ∈ M(2, H)| QQ * = I , where Q * is the conjugate transpose of Q, and H is the algebra of quaternions which is identified with R 4 . The Gromoll-Meyer sphere is obtained as the quotient of the following free action of S 3 = Sp(1) on Sp(2):
where p denotes the conjugate of p. In other words, Σ 7 = Sp(2)/ ∼ φ 0 via regarding Q ∼ φ 0 p p Q p 1 . If we denote by π 0 : Sp(2) → Σ 7 the projection induced by φ 0 , then π 0 is a submersion. For the bi-invariant metric on Sp(2), it is clear that φ 0 is an isometric action and the induced metric on Σ 7 has nonnegative sectional curvature. Inspired by the construction of the Gromoll-Meyer sphere, the present paper studies the extrinsic geometry of Sp(2) and Σ 7 by realizing them as isoparametric hypersurfaces and transnormal hypersurfaces in certain ambient spaces, respectively.
The isoparametric theory initiated from the study of E. Cartan in real space forms in 1940s, which caught much caution recently as the accomplishment of the classifications of isoparametric hypersurfaces in the unit sphere ( [CCJ07] , [Chi13] , [Miy13] , [Miy16] , [Chi16] ). The applications of isoparametric theory are more and more abundant, see for example [TY13] , [QTY13] , [TXY14] and [GTY18] .
By definition, a function F : N → R on a Riemannian manifold N is called transnormal if there exists a smooth function b on R such that |∇ N F | 2 = b(F ), and isoparametric if in addition there exists another continuous function a on R such that ∆ N F = a(F ), where ∇ N and ∆ N denote the gradient and Laplacian on N, respectively. The corresponding regular level sets of a transnormal function (respectively an isoparametric function) are called transnormal hypersurfaces (respectively isoparametric hypersurfaces) in N. The singular level sets are proved to admit a manifold structure by [Wan87] , and called focal submanifolds of the transnormal (isoparametric) hypersurfaces in N.
First, we establish and study the curvature properties of a 2-parameter family of left invariant metrics g r on Sp(2). Let sp(2) be the Lie algebra of Sp(2). Given two real numbers r 1 , r 2 > 0, we define a left invariant metric g r := g (r 1 ,r 2 ) on Sp(2), such that on
The left invariant metric g r is bi-invariant if and only if r 1 = r 2 = 1. As the first main result of this paper, we show Theorem 1.1. For the left invariant metric g r on Sp(2) defined in (1.2).
(1). The sectional curvature of the metric g r is nonnegative if and only if r 1 + r 2 ≤ 2;
(2). The metric g r is Einstein if and only if r 1 = r 2 = 1 or 1 2 .
Remark 1.2. As a matter of fact, one can also discover the sufficient part of (1) from [GZ00] , but here we succeed by a direct calculation on the curvature.
Taking the left invariant metric g r on Sp(2) with r 1 +r 2 ≤ 2, we define a product manifold M 14 = Sp(2) × S 4 with the product metric, where S 4 ⊂ R ⊕ H = R 5 is the unit sphere. Consider the S 3 -action on M 14 by
Since the action φ 1 is an isometric, free action, we acquire a quotient Riemannian manifold N 11 := M 14 / ∼ φ 1 , which is an S 4 -bundle over S 7 , and we have the following Riemannian submersion:
Moreover, the induced metric on N 11 has nonnegative sectional curvature by the Gray-O'Neill formula.
Define an embedding by
Noticing that there is naturally a cohomogeneity one action of Sp(2) on N 11 defined by
The principal orbits are exactly Φ(Sp(2) × {θ}) (θ ∈ (0, π)). According to Proposition 2.8 in [GT13] , they are isoparametric hypersurfaces in N 11 , and the singular orbits which are diffeomorphic to S 7 are the focal submanifolds. For convenience, we will denote Φ(Sp(2) × {θ}) by Sp(2) θ later on.
Moreover, there is an isometric involution on N 11 :
Thus the hypersurfaces Sp(2) θ and Sp(2) π−θ (θ ∈ (0, π)) correspond to each other by ρ.
Furthermore, by analyzing the second fundamental form of the hypersurface Sp(2) θ in N 11 , we obtain the second main result of the present paper:
(1). The principal orbit Sp(2) θ with θ ∈ (0, π) of the action (1.6) is an isoparametric hypersurface in N 11 with principal curvatures cot θ 1+ 2 r 1 sin 2 θ of multiplicity 3 and 0 of multiplicity 7. In particular, the fixed point set of the involution ρ, i.e., the hypersurface Sp(2) π 2 is totally geodesic in N 11 . (2). The singular orbits of the action (1.6), which are focal submanifolds of this isoparametric foliation, are diffeomorphic to S 7 and totally geodesic in N 11 .
As a matter of fact, we can define the explicit isoparametric function on N 11 corresponding to the isoparametric foliation in the theorem above by projecting the following function f through the projection π 1 in (1.4):
It is easy to see that ∇ M f | A = (0, |t 2 | 2 , −t 1 t 2 ), and thus |∇ M f | 2 M = |t 2 | 2 = 1 − f 2 . Namely, f is a transnormal function on M 14 .
Defining F : N 11 → R by F • π 1 = f . Observing that the vertical distribution of the Riemannian submersion π 1 in (1.4) is
we find that ∇ M f is orthogonal to V A , thus a horizontal vector field. ∇ N F is just the projection of ∇ M f on the base manifold N 11 and further
That is, F is transnormal on N 11 . Moreover, Proposition 1.4. The function F : N 11 → R defined by F • π 1 = f is an isoparametric function on N 11 which satisfies:
The corresponding isoparametric foliation is exactly the one in Theorem 1.3. Now we consider the following S 3 -action on N 11 :
Since the action φ 2 is free and isometric, we obtain a quotient Riemannian manifold N 8 := N 11 / ∼ φ 2 and a Riemannian submersion π 2 : N 11 → N 8 . It also follows from the Gray-O'Neill formula that the induced metric on N 8 has nonnegative sectional curvature. Restricting φ 2 on the hypersurface Sp(2) θ and denoting its quotient by Σ 7 θ , one can find that it is actually the S 3 action on Sp(2) as in (1.1). Thus Σ 7 θ is diffeomorphic to the Gromoll-Meyer sphere Σ 7 . To describe it more clearly, we draw a diagram as below:
Define F : N 8 → R by F • π 2 = F . Noticing that ∇ N F is also a horizontal direction of the Riemannian submersion π 2 , we establish Theorem 1.5. (1). The function F defined by F •π 2 = F is a transnormal function on N 8 satisfying |∇ N F | 2 N = 1 − F 2 . The transnormal hypersurfaces Σ 7 θ (θ ∈ (0, π)) are diffeomorphic to the Gromoll-Meyer sphere Σ 7 . Moreover, Σ 7 π 2 is totally geodesic in N 8 . The focal varieties F −1 (±1) are diffeomorphic to S 4 , and totally geodesic in N 8 .
(2).For each θ ∈ (0, π), the induced metric of Σ 7 θ in N 8 has positive Ricci curvature and quasi-positive sectional curvature simultaneously.
Remark 1.6. The function F is not isoparametric. More precisely, for θ ∈ (0, π) and θ = π 2 , the mean curvature function of the transnormal hypersurface Σ 7 θ is not constant with respect to the unit normal vector field ∇ N F |∇ N F | N . For instance, the mean
Noticing that F is a Morse-Bott function on N 8 with critical set S 4 ⊔ S 4 , we remark that according to the fundamental construction in Theorem 1.1 of [QT15] , there exists a metric on N 8 such that F is an isoparametric function and the the focal submanifolds are still S 4 and totally geodesic. However, one cannot know more about the intrinsic geometric properties of N 8 and the isoparametric hypersurfaces. This paper is organized as follows: in Section 2, we will discuss about the curvature property of the left-invariant metric g r on Sp(2). Section 3 will be focused on the geometry of the isoparametric foliation in N 11 , and Section 4 will be concentrated on the extrinsic geometry of the transnormal system in N 8 .
Left invariant metrics on Sp(2)
Firstly, we will study the connection of the metric g r defined in (1.2).
Let ξ 1 , ξ 2 be two left invariant vector fields on Sp(2) such that at any point
Denote by ∇ the Levi-Civita connection associated with g r . Concerning the connection ∇ ξ 1 ξ 2 is also a left invariant vector field, we establish the following formula which generalizes Lemma 4.5 in [GT13]:
Let ξ 3 be a left invariant vector field on Sp(2) such that at Q ∈ Sp(2),
From the left invariance of the vector fields, it follows that the first three items on the right hand side of Koszul formula below are vanishing:
Denote by ξ ij := [ξ i , ξ j ] the left invariant vector field such that at any point Q,
Since ξ 1 , ξ 2 , ξ 3 are left invariant, it follows that
which yields the connection formula directly.
By the way, we notice that D(ξ 1 , ξ 2 ) = D(ξ 2 , ξ 1 ).
Next, we compute the sectional curvature of (Sp(2), g r ) and show the following results.
Theorem 1.1 For the left invariant metric g r on Sp(2) as above.
(1).The sectional curvature of the metric g r is nonnegative if and only if r 1 + r 2 ≤ 2;
(2).The metric g r is Einstein if and only if r 1 = r 2 = 1 or 1 2 .
Proof of (1):
Given two left invariant vector fields ξ 1 , ξ 2 , by Lemma 2.1,
It is easily seen that ξ 2 D(ξ 1 , ξ 1 ), ξ 2 = 0 and ξ 1 1
For convenience, we denote
Using the notations in Lemma 2.1, we derive that
where in the last equality we used |α 1 | = |α 2 |.
Next we prove the sufficiency and necessity for (Sp(2), g r ) to be non-negatively curved. Suppose r 1 + r 2 ≤ 2. It follows that (1 − r 1 ) 3 + (1 − r 2 ) 3 ≥ 0 and every term in the curvature formula is non-negative. This proves the sufficiency. As for the necessity, we claim that there always exist two vectors ξ p (p = 1, 2) such that |α 1 | 2 = 0 and R(ξ 1 , ξ 2 )ξ 1 , ξ 2 = 1 2 (1 − r 1 ) 3 + (1 − r 2 ) 3 |α 1 | 2 < 0 if r 1 + r 2 > 2. In fact, by a long but straightforward calculation, we can choose
where t is any sufficiently large number and u, v are any real solutions for the quadratic equations t 2 u(r 2 − u) = 2r 1 − 3 and t 2 v(r 1 − v) = 2r 2 − 3, respectively. Now one can verify directly that for these two vectors ξ 1 , ξ 2 , α 1 = 0, r 1 γ 1 + r 2 γ 2 = 0, β p + (3 − 2r p )α p = 0, p = 1, 2.
The proof is now complete.
✷
We are now in a position to prove the second part of Theorem 1.1.
Proof of (2):
Under the metric (1.2), we can fix an orthonormal frame {e p ∈ sp(2) | p = 1, . . . , 10} as follows:
We first consider the necessary condition for (Sp(2), g r ) to be Einstein.
(1) For e 1 = 2 r 1 i 0 0 0 , we can immediately find that α 1 = α 2 = β 2 = γ 2 = 0.
Moreover,
r 1 j p = 3 0 p = 4, . . . , 10
0 p = 2, 3, 8, 9, 10 2 r 1 i p = 4 − 2 r 1 p = 5 2 r 1 k p = 6 − 2 r 1 j p = 7 Therefore, from (2.2), it follows that the sectional curvature of the plane spanned by e 1 and e p is
r 1 2 p = 4, 5, 6, 7; 0 p = 8, 9, 10.
Hence Ric(e 1 ) = 2r 1 + 4 r 1 . Similarly, Ric(e 2 ) = Ric(e 3 ) = 2r 1 + 4 r 1 .
(2) For e 4 = 0 1 −1 0 , it is easily observe that β 1 = β 2 = 0 for any p. Moreover, α 1 = y p y 4 − y 4 y p = 2Imy p =          0 p = 1, 2, 3, 8, 9, 10. 2 i p = 5 2 j p = 6 2 k p = 7. α 2 = y p y 4 − y 4 y p = −2Imy p = −α 1
− 2 r 1 k p = 3 0 p = 5, · · · , 10.
0 p = 1, 2, 3, 5, 6, 7.
2 r 2 i p = 8 2 r 2 j p = 9 2 r 2 k p = 10.
Therefore, from (2.2), it follows that the sectional curvature of the plane spanned by e 4 and e p is K(e 4 , e p ) = 1 4
r 1 2 p = 1, 2, 3; 4 − 3 2 (r 1 + r 2 ) p = 5, 6, 7; r 2 2 p = 8, 9, 10.
Hence Ric(e 4 ) = 12 − 3(r 1 + r 2 ). Similarly, Ric(e 5 ) = Ric(e 6 ) = Ric(e 7 ) = 12 − 3(r 1 + r 2 ).
(3) For e 8 = 2 r 2 0 0 0 i , it is easily observed that α 1 = α 2 = β 1 = γ 1 = 0 for any p. Moreover,
2 2 r 2 k p = 9 −2 2 r 2 j p = 10. − 2 r 2 i p = 4; 2 r 2 p = 5; 2 r 2 k p = 6; − 2 r 2 j p = 7.
Therefore, from (2.2), it follows that the sectional curvature of the plane spanned by e 8 and e p is (2.5) K(e 8 , e p ) = 1 4 r 2 2 |γ 2 | 2 + r 2 8 |β 2 | 2 =      0 p = 1, 2, 3; r 2 2 p = 4, 5, 6, 7; 2 r 2 p = 9, 10.
Hence Ric(e 8 ) = 2r 2 + 4 r 2 . Similarly, Ric(e 9 ) = Ric(e 10 ) = 2r 2 + 4 r 2 . In summary of (1), (2), (3),
(2.6)
Ric(e p ) =      2r 1 + 4 r 1 p = 1, 2, 3; 12 − 3(r 1 + r 2 ) p = 4, 5, 6, 7; 2r 2 + 4 r 2 p = 8, 9, 10. Therefore, (Sp(2), g r ) is Einstein implies that 2r 1 + 4 r 1 = 2r 2 + 4 r 2 = 12−3(r 1 +r 2 ), which further implies r 1 = r 2 = 1 or 1 2 . Conversely, notice that when r 1 = r 2 = 1, the metric g r is bi-invariant, and (Sp(2), g r ) is Einstein. So we next prove that r 1 = r 2 = 1 2 is a sufficient condition for (Sp(2), g r ) to be Einstein. We will need the following observation to deal with the case.
(Sp(2), g r ) is Einstein ⇐⇒ ∃ constant c, such that Ric(e i ) = c ∀ 1 ≤ i ≤ 10, and ∀ i = j, k =i,j K( e i + e j √ 2 , e k ) = c − K(e i , e j ).
In our case r 1 = r 2 = 1 2 , from (2.6), we derive c = 9. By the results in (2.3), (2.4), (2.5), we need only to calculate K( e i +e j √ 2 , e k ) = 1 2 R(e i + e j , e k )(e i + e j ), e k with respect to the orthonormal basis:
i 0 0 0 , e 2 = 2 j 0 0 0 , e 3 = 2 k 0 0 0 , e 4 = 0 1 −1 0 , e 5 = 0 i i 0 , e 6 = 0 j j 0 , e 7 = 0 k k 0 , e 8 = 2 0 0 0 i , e 9 = 2 0 0 0 j , e 10 = 2 0 0 0 k .
In fact, it is a direct calculation using the definitions of α 1 , α 2 , β 1 , β 2 , γ 1 , γ 2 and the expression of curvature (2.2). We will omit the details here.
✷
geometry of the isoparametric foliation on N 11
Recall the S 3 action on M 14 (1.3)
Observe that φ 1 is an isometric free action. We will study the induced metric on the quotient space N 11 . Consider the embedding (1.5):
At any point A = (Q, θ), and X = (Qξ, c) ∈ T A (Sp(2) × (0, π)), we will consider the metric:
|X| 2 := |Φ * X| 2 N . So our next task is to calculate |Φ * X| 2 N by virtue of the metric induced from the Riemannian submersion π 1 .
and thus
Besides, by the Gray-O'Neill formula, the sectional curvature of N 11 is non-negative.
Now we are in position to investigate the orbit geometry on N 11 . Theorem 1.3.
(1). The principal orbit Sp(2) θ with θ ∈ (0, π) of the action (1.6) is an isoparametric hypersurface in N 11 with principal curvatures cot θ 1+ 2 r 1 sin 2 θ of multiplicity 3 and 0 of multiplicity 7. In particular, the fixed point of the involution ρ, i.e., the hypersurface Sp(2) π 2 is totally geodesic in N 11 . (2). The singular orbits of the action (1.6), which are focal submanifolds of this isoparametric foliation, are diffeomorphic to S 7 and totally geodesic in N 11 .
Proof:
As we mentioned in the introduction, we can construct an isoparametric foliation on N 11 from the point view of cohomogeneity one action, that is, the action of Sp(2) on N 11 (1.6)
The principal orbits Sp(2) θ = Φ(Sp(2) × {θ}), which are diffeomorphic to Sp(2), are isoparametric hypersurfaces in N 11 . So we only need to calculate the principal curvatures of Sp(2) θ .
For any vector fields X 1 = (Qξ 1 , c 1 ), X 2 = (Qξ 2 , c 2 ) with ξ i | Q = Q x i y i −y i z i and c i ∈ R (i = 1, 2) on N 11 , we calculate the connection ∇ N X 1 X 2 in a similar way as in Section 2 and get
Taking the normal direction of the hypersurface Sp(2) θ as N = (0, −1), by virtue of X 1 , X 2 = (Q ξ 1 , ξ 2 , 0), we obtain the second fundamental form of Sp(2) θ :
x 0 0 0 , 0 with x ∈ H and Re(x) = 0 is an eigenvector of the shape operator and the corresponding principal curvature is
r 1 sin 2 θ with multiplicity 3. The other eigenvalue is 0 with multiplicity 7. In particular, when θ = π 2 , λ ′ = 0, which means that the hypersurface Sp(2) π 2 is totally geodesic. Moreover, the mean curvature of Sp(2) θ in N 11 is H = 3λ ′ 2λ . Clearly, the singular orbits of the action (1.6) are {[(Q, ±1, 0)] | Q ∈ Sp(2)}, i.e., the projection of Sp(2) × {(±1, 0)} under the Riemannian submersion π 1 . For convenience, we only focus on one of the focal submanifolds {[(Q, (1, 0))] | Q ∈ Sp(2)}. From the action (1.3), we know that (Q, (1, 0)) ∼ (Q p 1  , (1, 0) ), which induces an isometric free action
and furthermore a Riemannian submersion:
Through Q, we have the vertical and horizontal distributions as follows
Thus for any Qξ ∈ T Q Sp(2), if Qξ ∈ H Q , then by the left invariant metric (1.2) on Sp(2), we obtain Qξ 2 = |y| 2 + r 2 2 |z| 2 .
Since r 2 is less than 2 in our case, the focal submanifold S 7 is not a round sphere.
Observe that S 7 is a submanifold of N 11 . Moreover, since the inverse images π −1 1 S 7 ∼ = Sp(2) of the focal submanifolds are totally geodesic in Sp(2) × S 4 , it follows that the focal submanifolds are totally geodesic in N 11 (See Proposition 7.1 in [TT95] ).
✷
As a matter of fact, we can give the explicit isoparametric function corresponding to this isoparametric foliation on N 11 . Proposition 1.4. The function F : N 11 → R defined by F • π 1 = f is an isoparametric function on N 11 which satisfies:
The corresponding isoparametric foliation is exactly the one in Theorem 1.3.
Proof:
Recall f that defined in (1.7). Project f onto N 11 and define F : N 11 → R by F • π 1 = f . The equality |∇ N F | 2 N = 1 − F 2 has been explained in the introduction. So we are only left to prove the second equality in (3.2).
At any point (Q, θ) ∈ N 11 , we see that ∇ N F = (0, − sin θ). Take an orthonormal basis on N 11 as follows: Recalling that we have chosen the normal direction of the hypersurface Sp(2) θ as N = (0, −1), we will calculate ∆ N F by virtue of the connection (3.1). For i = 1, · · · , 10, noticing [e i , ∇ N F ] = 0, we calculate E(e i , ∇ N F ) and find that
Moreover, ∇ e 11 ∇ N F = −∇ e 11 (sin θe 11 ) = (0, − cos θ).
Therefore,
, which yields (3.2) and completes the proof of Proposition 1.4. In this section, we will first prove the following Theorem.
Theorem 1.5.
(1).The function F defined by F • π 2 = F is a transnormal function on N 8 satisfying |∇ N F | 2 N = 1 − F 2 . The transnormal hypersurfaces Σ 7 θ (θ ∈ (0, π)) are diffeomorphic to the Gromoll-Meyer sphere Σ 7 . Moreover, Σ 7 π 2 is totally geodesic in N 8 . The focal varieties F −1 (±1) are diffeomorphic to S 4 , and totally geodesic in N 8 .
Proof of (1):
Recall the S 3 action on N 11 defined in (1.9):
which is free and isometric.
Define F : N 8 → R by F • π 2 = F . At any point [(Q, (t 1 , t 2 ))] ∈ N 11 , we see that the vertical distribution is
As the projection of ∇ M f on N 11 , ∇ N F is orthogonal to V [(Q,(t 1 ,t 2 ))] , thus a horizontal direction of the Riemannian submersion π 2 and furthermore
That is to say, F is a transnormal function on N 8 . Notice that each transnormal hypersurface of this transnormal system is a projection of the hypersurface Sp(2) θ in the isoparametric foliation on N 11 . Since Sp(2) π 2 is totally geodesic in N 11 , its projection Σ 7 π 2 is also totally geodesic.
As for the focal varieties F −1 (±1) of F , observe that it is the projection of the focal submanifold S 7 in N 11 , and is actually the quotient manifold of the following S 3 × S 3 -action on Sp(2):
It is showed in [GM74] that the quotient manifold Sp(2)/S 3 × S 3 is diffeomorphic to S 4 . Moreover, S 4 is totally geodesic in N 8 , since S 7 is totally geodesic in N 11 and Sp(2) is totally geodesic in M 14 (See Proposition 7.1 in [TT95] ). ✷.
Now we are only left to prove the second part of Theorem 1.5.
Proof of (2):
Fixing θ ∈ (0, π), for any orthonormal left invariant vector fields X = Qξ ∈
, we find its squared length by the induced metric (3.1) as | X| 2 = sin 2 θ 1 + 2 r 1 sin 2 θ |x| 2 + |y| 2 + r 2 2 |z| 2 := r 1 2 |x| 2 + |y| 2 + r 2 2 |z| 2 .
Notice that r 1 = r 1 · 2 sin 2 θ r 1 +2 sin 2 θ < r 1 , which implies directly r 1 + r 2 < 2. Thus Sp(2) θ has non-negative sectional curvatures by part (1) of Theorem 1.1.
For any orthonormal vectors X 1 , X 2 on the transnormal hypersurface Σ 7 θ , we denote their horizontal lifts in Sp(2) θ by X i = Qξ i ∈ T A Sp(2) θ (i = 1, 2) with
. By the Gray-O'Neill formula,
we get immediately that K(X 1 , X 2 ) ≥ K( X 1 , X 2 ) ≥ 0.
Next, we will explain that K( X 1 , X 2 ) can not vanish at any point. From the curvature formula (2.2), it follows that
Observe that (4.2) α 1 = α 2 = β 1 = β 2 = 0 =⇒ x 1 x 2 , y 1 y 2 , z 1 z 2 .
Since Σ 7 θ is 7-dimensional, we can find ξ 0 , · · · , ξ 6 with ξ i , ξ j = δ ij and X i = Qξ i (i, j = 0, · · · 6).
Without loss of generality, we suppose Ric(π 2 * X 0 ) = 0, which implies that K( X 0 , X i ) = 0 for any i = 1, · · · , 6. Then we discuss case by case:
Case 1: x 0 = 0, y 0 = 0 and z 0 = 0. By virtue of the observation (4.2), there exists x, y, z ∈ H with |x| = |y| = |z| = 1, such that x i = λ i x, y i = τ i y and z i = µ i z for i = 1, · · · , 6, where λ i , τ i , µ i ∈ R. Here (λ i , τ i , µ i ) ∈ R 3 , but dim Span{ξ 1 , · · · , ξ 6 } = 6, which is a contradiction.
Case 2: x 0 = 0, y 0 = 0 and z 0 = 0, i.e., there exists x, y ∈ H with |x| = |y| = 1 such that ξ 0 = (λ 0 x, τ 0 y, 0) with λ 0 , τ 0 ∈ R, λ 0 τ 0 = 0. Then the observation (4.2) leads to ξ i = (λ i x, τ i y, z i ) (i = 1, · · · , 6). However, (λ i , τ i , z i ) ∈ R 5 , which is a contradiction.
Case 3: x 0 = 0, y 0 = 0 and z 0 = 0, i.e., there exists x, z ∈ H with |x| = |z| = 1 such that ξ 0 = (λ 0 x, 0, µ 0 z) with λ 0 , µ 0 ∈ R, λ 0 µ 0 = 0. Here (λ i , y i , µ i ) ∈ R 6 . By 0 = ξ 0 , ξ i = r 1 2 λ 0 λ i + r 2 2 µ 0 µ i , i = 1, · · · , 6, we see λ i and µ i are in proportion, which is a contradiction.
Case 4: x 0 = 0, y 0 = 0 and z 0 = 0, similar as in case 2.
Case 5: x 0 = 0, y 0 = 0 and z 0 = 0, i.e., there exists z ∈ H with |z| = 1 such that ξ 0 = (0, 0, µ 0 z) with µ 0 ∈ R, µ 0 = 0. Then the observation (4.2) leads to ξ i = (x i , y i , µ i z) (i = 1, · · · , 6). Then ξ 0 , ξ i = r 2 2 µ i z, µ 0 z = r 2 2 µ i µ 0 implies that µ i = 0, i.e., ξ i = (x i , y i , 0). In this case, γ 1 = 0, γ 2 = −µ 0 y i z. Thus the condition r 1 γ 1 + r 2 γ 2 = 0 implies y i = 0, i.e., ξ i = (x i , 0, 0), which is a contradiction.
Case 6: x 0 = 0, y 0 = 0 and z 0 = 0, i.e., there exists y ∈ H with |y| = 1 such that ξ 0 = (0, τ 0 y, 0) with τ 0 ∈ R, τ 0 = 0. Then the observation (4.2) leads to ξ i = (x i , τ i y, z i ) (i = 1, · · · , 6). Then ξ 0 , ξ i = τ 0 y, τ i y = τ 0 τ i implies that τ i = 0, i.e., ξ i = (x i , 0, z i ). In this case, γ 1 = −τ 0 x i y, γ 2 = τ 0 yz i . Thus the condition r 1 γ 1 + r 2 γ 2 = 0 implies z i = r 1 r 2 yx i y, i.e., ξ i = (x i , 0, r 1 r 2 yx i y), which is a contradiction. Case 7: x 0 = 0, y 0 = 0 and z 0 = 0, similar as in case 5.
Consequently, K( X 0 , X i ) = 0 (i = 1, · · · , 6) cannot happen simultaneously. In other words, the Ricci curvature is positive at any point of Σ 7 θ . At last, we show that the sectional curvature of Σ 7 θ at π 2 (Id, θ) is positive for all planes. According to the action For ξ i = x i y i −y i 0 ∈ H Id , i = 1, 2, by virtue of the sectional curvature formula (4.1), K(ξ 1 , ξ 2 ) = 0 implies that α 1 = α 2 = β 1 = β 2 = 0, and γ 1 = 0 since γ 2 = 0 in this case. Thus x 1 x 2 , y 1 y 2 , and furtherer ξ 1 ξ 2 , which proves our assertion.
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